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Abstract

The cross section integral ∫
h

z dzSA
0

)(  is studied for finding the 

volume of a solid, whose cross sections are bounded by Jordan (simple 

closed) curves )(),( tyx γ=  instead of functions )(xfy = ,

 )(ygx = . Although the method is elementary, it gives rise to some 

interesting problems.
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截面積分的注記

龍健安

國立宜蘭大學人文暨科學教育中心副教授

摘　要

一立體之截面為喬登(簡單閉)曲線 )(),( tyx γ= 所圍，研究以截面

積分公式 求立體體積。雖然使用基本方法，但因截面非由單

變數函數 )(xfy = , )(ygx = 所圍，而引發一些有趣問題。

關鍵詞：截面、喬登可測集、零容量、喬登曲線
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1. Introduction
Consider the theorem (See [1]): “Let S be a bounded Jordan 

measurable 3-dimensional set lying between two planes 0=z and hz =

. For each ],0[ hz∈ , let Sz be the cross section of S in the plane taken 

perpendicular to z-axis at z. Suppose for each ],0[ hz∈ , Sz is also Jordan 

measurable and let )( ZSA be the area of ZS , then the Riemann integral

exists, and the volume )(SV  of S is given by ”. In 

most textbooks on advanced calculus, the proof involves the multiple integrals 

and the solid S is of the 

form . The purpose of this 

paper is to prove the formula without the above assumption on S, but instead, 

with the cross sections of the solid being the regions bounded by simple closed 

curves. Thus, it is not surprising that some extra conditions will be added in 

order to prove it.

2. Curves

Recall that a subset S of Rn has (n-dimensional) content zero if for 

every ε >0 there is a finite cover { }nUU ⋅⋅⋅,1 of S consisting of closed 

rectangles such that∑
=

<
n

i
iUv

1
)( ε , where )(Uv  is the n-dimensional 

v o l u m e o f  U w h i c h i s  d e f i n e d a s  )()( 11 nn abab −⋅⋅⋅−  i f  U=
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We list some properties of curves:

Theorem 1 (See [2])

(Jordan Curve Theorem) Let γ  be a simple closed curve in the plane R2, then 

γ−2R has exactly two connected components whose common boundary isγ .

Lemma 1 (See [3])

Let )(tγ = ))(),(( tytx be a plane curve, ],[ bat∈ . If )(tx or )(ty has a 

bounded derivative on ],[ ba , thenγ has 2-dimensional content zero.

Lemma 2(See [4])

Let )(tγ = ))(),(( tytx be a rectifiable plane curve ],[ bat∈ . Then γ  has 

2-dimensional content zero.

3. The Solid

To describe a solid, we need the following hypothesis:

Hypothesis 1

Le t ),( tzF  be a con t inuous mapp ing f rom ],0[ h × ]1,0[  in to R2 

s u c h t h a t t
F
∂
∂

a n d z
F
∂
∂

 a r e c o n t i n u o u s o n ],0[ h × ]1,0[ , a n d l e t 

))(),((:)( tytxt zzz =γ = ),( tzF be a simple closed C2 curve for every

],0[ hz∈ , )0(zγ = )1(zγ .

S is a solid lying between two planes 0=z and hz = such that P(Sz), the 

projection of Sz onto x-y plane , is just the region bounded by zγ , for every

],0[ hz∈ .
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Theorem 2

The mapping )( zSAz → is continuous on ],0[ h . 

We divide the proof into 3 steps:

Step 1:

S i n c e t h e m a p p i n g ],0[ h × ]1,0[ → 2R g i v e n b y ),( tz →  )(tzγ i s 

continuous, for any number 0>ε , then we can always find a number 0>δ

such that for any 1z , 2z ],0[ h∈ and 1t , 2t ]1,0[∈ , δ<− ),(),( 2211 tztz  

implies εγγ <− )()( 21 21
tt zz

Define the length of 
zγ as )( zγΛ =sup∑

=
−−

n

i
iziz tt

1
1)()( γγ  where the 

supremum is taken over all partitions 10 10 =<⋅⋅⋅<<= nttt .   

Step 2:

Let be a closed disk of radius  and center ),( yx . For a fixed 0z , 

is Jordan measurable and A .　 　(1)

Proof of (1):

( i )  S i n c e  )(
0

tzγ  i s  a  2C c u r v e,  )(
0zγΛ < ∞ .  L e t )(

0
szλ b e t h e 

reparametrization of γ by arc length. We claim that

. ( 2 ) 

Indeed, the ⊇  part of (2) is obvious. For the ⊆  part, first pick a point P in

. It follows from the compactness of 
0zγ  and continuity of 

distance that we can find a point Q in 
0zγ  such that the distance between P 

and Q is a minimum. Furthermore, the line is perpendicular to
0zγ , which 
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can be seen by using . This completes the ⊆  part of (2). 

(ii) The area of the set 

 is just the difference of the 

areas of the two regions bounded by the two simple closed 1C  curves →s
  if  is small enough. Hence, by Green's theorem,

A =

This proves (1).

Step 3: 

Fix z0  , and let 0>ε . By continuity of the mapping ),( tz →  )(tzγ , 

we can find a 0>δ  such that εγγ <− )()(
0

tt zz  

whenever δ<− 0zz . Thus, for such z, the set  is 

contained in , which is the union of all closed disks of radius 

ε  centered at ),( yx  over the curve
0zγ .

Since A , it follows that

 )()(
0zz SASA − < )(2

0zγεΛ  whenever δ<− 0zz .                                   
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 This completes the proof of Theorem 2.

Theorem 3

If a solid S satisfies hypothesis 1 and its cross sections are increasing in the 

sense that )( aSP ⊆ )( bSP  whenever hba ≤<≤0 , then the volume 

)(SV  of S is given by . 

Proof: Let hzzzz n =<⋅⋅⋅<<<= 2100 be a regular partition of ],0[ h . It 

follows that . Letting ∞→n , we are 

done.

Theorem 4 

If a solid S satisfies hypothesis 1, then )(SV =

Proof: Step 1:

Since ]1,0[],0[ ×h  is compact, F is uniformly continuous. For any 0>ε , 

there exists a number 0>δ such that for every

 a , b ],0[ h∈ and 1t , 2t ]1,0[∈ , we have δ<− ),(),( 21 tbta  implying 

εγγ <− )()( 21 tt ba . Let hzzzz n =<⋅⋅⋅<<<= 2100 be a partition of 

],0[ h with norm δ< . Then zγ ⊆ for any ],[ 1 ii zzz −∈

. Define M = )(
],[ 1


ii zzz

zSP
−∈

, m = 
],[ 1

)(
ii zzz

zSP
−∈

. Then m ⊆  P(Sz) ⊆  M  for 

any ],[ 1 ii zzz −∈ , thus A ( m )≤  A(Sz) ≤ A ( M ) where A and A  are 

Jordan outer and inner areas respectively.

Step 2:

Since t
F
∂
∂

 is continuous on ],0[ h × ]1,0[ , the mapping  



86

人文及管理學報　第四期

is continuous on ],0[ h .  It follows that ∞<Λ
∈

)(sup
],0[

z
hz

γ . Let )(sup
],0[

z
hz

γΛ
∈

:=L. From the fact that  for every ],[ 1 ii zzz −∈ , and

 is contained in the region between two non-intersecting 

simple closed curves, we obtain that A (M )- A (m )< )(2
izγεΛ < Lε2 . 

Since , and

, It follows that

. This completes the proof of Theorem 4.

Remarks:

(1)  The solid is Jordan measurable since its boundary is a union of a C1 

mapping image of ],0[ h × ]1,0[  and two plane regions bounded by C2 
curves. 

(2)  Let ),( tzF  be a continuous mapping from ],0[ h × ]1,0[  into R2. 

For every ],0[ hz∈ , ))(),((:)( tytxt zzz =γ = ),( tzF is a simple closed 

piecewise C1 curve.

(i) In general, the mapping ],0[ h → R given by )( zz γΛ→ may not be 

continuous as can seen in the diagram below: a sequence of functions with a 

constant arc-length converges pointwise to a function whose length is smaller.
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( i i )  A l t h o u g h zγ  i s  r e c t i f i a b l e  f o r  e v e r y ],0[ hz∈ ,  t h e s e t 

{ }],0[)( hzz ∈Λ γ  may still be unbounded. Indeed, for example, if )(
1

t
n

γ

and )(0 tγ  are simple closed curves such that )(1 t
n

γ =( ,t n
tnπ2sin

) and

)(0 tγ =( ,t 0) for ]
2
1,0[∈t  then ∞→>Λ n

n

2)( 1γ  as ∞→n .

4. Some Interesting Problems

(1) Let =),( δxB . If a set S in R2 has content zero, then 

)),(((lim 
Sx

o
xBA

∈
→

δ
δ =0.

Proof: Letε >0 be given and S be contained in a union of n rectangles R1,R2,-

-,Rn such that )R(
1

i∑
=

n

i
A < 9

ε
.If m is the minimum of the 2n side lengths of 

the n rectangles and m<δ , then we claim that εδ <
∈


Sx

xBA ),(( . Indeed, 

let S =S R   and pick any point x  in S , then ),( δixB  is contained in a 

rectangle )(
1
∑
=

n

i
A iR  whose side lengths are three times of those of R  (See diagram 

below). Hence, ),( δixB ⊆ )(
1
∑
=

n

i
A iR  . Since the choice of x  in S  is arbitrary, 

we have ⊆
∈


iSx

xB ),( δ )(
1
∑
=

n

i
A iR  and 

n

iSx

xB
1

),(
=∈

⊆ iRδ , wh ich impl ies


n

iSx

AxBA
1

)(),((
=∈

<< iRδ )(
1
∑
=

n

i
A iR =9 )R(

1
i∑

=

n

i
A <ε
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Ri

(2) Assume that S is any bounded set in R2 and δ >0. Is 
Sx

xB
∈

),( δ a Jordan 
measurable set?

Remark: If δ  is replace by xδ , the value of which depends on x, then

 is not always a Jordan measurable set. For example,

 let S=  be the rational points in the interior of the unit square 

[0,1]2, then for each x  in S, we can find a disk ),(
ixixB δ  contained in 

the interior of [0,1]2 such that )),((
1
∑
∞

=i
xi i

xBA δ <1, Since the boundary of 


Sx

xxB
∈

),( δ  is −2]1,0[ interior of 
Sx

xxB
∈

),( δ . It follows that the measure 

of the boundary of 
Sx

xxB
∈

),( δ is positive, which deduces that 
Sx

xxB
∈

),( δ

is not a Jordan measurable set. 

(3) Let 3γ :[0,1]→  [0,1]2 be a closed curve (See diagram 1) such that 

)(3 tγ  passes through square i for ]
4

,
4

1[ 33
iit −

∈ , and 4γ :[0,1]→  [0,1]2 

(See diagram 2) be a closed curve such that )(4 tγ  passes through square i for 

]
4

,
4

1[ 44
iit −

∈ . Let )(tnγ  be defined similarly. It follows that )(tnγ → )(tγ  

as ∞→n , but )(tγ  is not a simple closed curve ( )0(γ = )
2
1(γ = )1(γ , 

)
4
7( kγ = )

4
9( kγ , k=2,3,4,---), and the image of γ  is [0,1]2.
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(Diagram 1)
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(Diagram 2)
(4) Is it true that a simple closed curve in R2 has content zero?     The answer 
is no. See [5].
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